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CUBICAL RESOLUTIONS AND DERIVED FUNCTORS
IRAKLI PATCHKORIA
Abstrat. We introdue pseudoubial objets with pseudoonnetions in an arbitrary ate-
gory, obtained from the Brown-Higgins struture of a ubial objet with onnetions by suitably
relaxing their identities, and onstrut a ubial analog of the Tierney-Vogel theory of simpliial
derived funtors. The ruial point in the onstrution is that projetive preubial resolutions
whih are naturally used to dene our ubial derived funtors possess pseudodegeneraies and
pseudoonnetions. The same fat is essentially used for proving that in the ase of an additive
funtor between abelian ategories, our theory oinides with the lassial relative theory of
derived funtors by Eilenberg-Moore.
Introdution
In [18℄ Tierney and Vogel for any funtor T : A → B, where A is a ategory with nite limits
and with a projetive lass P, and B is an abelian ategory, have onstruted derived funtors
and investigated relationships of their theory with other theories of derived funtors. Namely, they
have shown that if A is abelian and T is additive, then their theory oinides with the lassial
relative theory of Eilenberg-Moore [7℄, whereas if A is abelian and T is an arbitrary funtor, then
it gives a generalization of the theory of Dold-Puppe [6℄. Besides, they showed that their derived
funtors are naturally isomorphi to the otriple derived funtors of Barr-Bek [3℄ if there is a
otriple in A that realizes the given projetive lass P.
The key point in the onstrution of the derived funtors by Tierney and Vogel is that, using
P-projetive objets and simpliial kernels, for every A from A a P-projetive resolution an
be onstruted, whih is an A-augmented pseudosimpliial objet in A and whih for a given A
is unique up to a presimpliial homotopy (aording to the omparison theorem for P-projetive
resolutions).
A natural question arises about onstruting a ubial analog of the theory of Tierney and
Vogel. Exatly this is the purpose of this paper.
Before turning to the ontent of the paper itself, let us say few words about ubial objets
and tehniques. As it is well known, simpliial methods are developed for long time and are
suessfully used in algebra and topology. With less suess, but still also ubial tehniques have
been developed, whih was initiated on one hand by the systemati use of singular ubes in the
singular homology theory of topologial spaes (see, for example, [14℄), and, on the other hand, by
the papers of Kan [12, 13℄ whih have related ubial sets to homotopy theory. Further researh (see
e. g. [1,2,4,5,8-11,16,17,19℄) has also shown that the ubial approah is interesting and important.
Cubial objets have a number of advantages ompared to the simpliial ones. For example, a
(pre)ubial homotopy is given by a single morphism in eah dimension, whereas a (pre)simpliial
homotopy requires many morphisms. On the other hand, signiant disadvantages of the ubial
tehnique with respet to the simpliial one are also apparent. For example, a ubial group, in
fat even a ubial abelian group, an fail to satisfy the Kan ondition [16,17℄. In the ontext
of elimination of these and other disadvantages of the ubial theory, of extreme importane are
ubial objets with onnetions introdued by Brown and Higgins [4℄. These objets are ubial
objets with extra degeneraies, alled onnetions. To stress importane and naturality of ubial
objets with onnetions it sues to name e. g. the following three fats. The singular ubial
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omplex of any topologial spae has naturally dened onnetions. Next, Tonks in [19℄ has shown
that any ubial group with onnetions satises the Kan ondition. Finally, Brown and Higgins [5℄
have reently proved that the ategory of ubial objets with onnetions in an abelian ategory
is equivalent to the ategory of nonnegative hain omplexes in the same ategory.
In this paper we introdue pseudoubial objets with pseudoonnetions, obtained from the
Brown-Higgins struture of a ubial objet with onnetions by suitably relaxing their identities.
Projetive preubial resolutions whih we are using to onstrut ubial derived funtors possess
pseudodegeneraies and pseudoonnetions and this fat is essentially used in the onstrution of
derived funtors dened by us.
Now let us list the ontents of the paper by setions.
In Setion 1 we reall the notions of presimpliial, pseudosimpliial and simpliial objets, pre-
ubial, ubial objets and ubial objets with onnetions, their morphisms, and the respetive
augmented versions of these notions. We also reall the denitions of normalization funtors in
the simpliial setting by Moore, and in the ubial setting by wi¡tek [16℄. Furthermore we reall
the Kan ubial sets and their homotopy groups.
For any presimpliial objet S in an abelian ategory A the normalized hain omplex of S,
denoted by I(S) in this paper, is a hain subomplex of the unnormalized hain omplex of S,
denoted by J(S). The well known Moore theorem says that if S is a simpliial objet in A ,
then this inlusion is a hain homotopy equivalene (in fat this is valid for any pseudosimpliial
objet in A ). On the other hand, for any preubial objet X in an abelian ategory A , one has
the anonial inlusion iX : M(X) →֒ N(X) of hain omplexes M(X) and N(X) in A whih
are ubial analogs of I(S) and J(S) (see [16, 17℄) respetively, and whih funtorially depend
on X . In Setion 2 we introdue pseudoubial objets with pseudoonnetions and prove that
iX is a hain homotopy equivalene for any pseudoubial objet X with pseudoonnetions (in
partiular for any ubial objet X with onnetions). Thus we obtain a ubial analog of the
Moore theorem. Then we establish some results whih are not needed later on; however they seem
interesting by themselves. Let us mention some of them. We indiate an alternative proof of the
aforementioned Brown-Higgins equivalene. Furthermore, we point out that this equivalene is
realized by the above funtor M . Next, we show that if G is a Kan ubial group, then πn(G), the
n-th homotopy group of G, oinides with Hn(M(G)), the n-th homology group of M(G) (note
thatM(G) and Hn(M(G)) are dened for any ubial group G as well). Using this and the ubial
analog of the Moore theorem together with the aforementioned result of Tonks, we get that πn(G)
is naturally isomorphi to Hn(N(G)) for any ubial abelian group G with onnetions.
Let A be a ategory with nite limits and a projetive lass P, B an abelian ategory, and
T : A → B an arbitrary (ovariant) ntor. In Setion 3 we onstrut left ubial derived fun-
tors LnT , L˜

nT : A → B, n > 0, as follows. First we show how to build for any objet A from
A an A-augmented P-projetive preubial resolution, denoted P
∂
−→ A, by means of ubial
kernels and P-projetive objets. Then we prove the omparison theorem whih in partiular
says that P
∂
−→ A is unique up to preubial homotopy for a given A. Furthermore, it is shown
that any P-projetive preubial resolution P
∂
−→ A is in fat an augmented pseudoubial objet
with pseudoonnetions. We dene LnT (A), n > 0, to be the n-th homology of N(T (P )). Be-
sides the omparison theorem, the fat that P has pseudodegeneraies is ruial in proving that
LnT (A) are well-dened and funtorially depend on A. This ontrasts with the onstrution of
the derived funtors by Tierney and Vogel whih does not use existene of pseudodegeneraies in
P-projetive presimpliial resolutions (pseudodegeneraies of P-projetive presimpliial resolu-
tions are essentially used when the theory of Tierney and Vogel is ompared with other theories of
derived funtors). Further, we dene L˜nT (A), n > 0, to be the n-th homology group ofM(T (P )).
Now this onstrution essentially uses the fat that P is a pseudoubial objet with pseudoon-
netions, i. e., this is ruial for proving that L˜nT (A) are well-dened and funtorial in A. The
ubial analog of the Moore theorem proved in the previous setion shows that in fat there are
isomorphisms LnT (A)
∼= L˜nT (A), n > 0, whih are natural in A and T .
Suppose A is an abelian ategory with a projetive lass P, B an abelian ategory, and
T : A → B an additive (ovariant) funtor. Then one onstruts, with respet to P, the left
CUBICAL RESOLUTIONS AND DERIVED FUNCTORS 3
derived funtors LnT : A → B (n > 0) of T in the sense of Eilenberg-Moore [7℄. On the
other hand, sine any abelian ategory admits nite limits, we an build P-projetive preubial
resolutions, and therefore an onstrut the ubial left derived funtors LnT : A → B, n > 0.
In Setion 4, using one again the ubial analog of the Moore theorem, we prove that if P
is losed [7℄ or, more generally, is losed with respet to retrats, then there are isomorphisms
LnT (A)
∼= LnT (A), A ∈ A , n > 0, whih are natural in A and T .
1. Preliminaries
We begin with the following known denitions.
Denition 1.1. A presimpliial objet S in a ategory A is a family of objets (Sn ∈ A )n>0
together with fae A -morphisms
∂i :Sn → Sn−1 (n > 1, 0 6 i 6 n)
satisfying
∂i∂j = ∂j−1∂i i < j.
A pseudosimpliial objet is a presimpliial objet together with pseudodegeneray A -morphisms
si :Sn → Sn+1 (0 6 i 6 n)
satisfying
∂isj =

sj−1∂i i < j,
id i = j, j + 1,
sj∂i−1 i > j + 1.
A simpliial objet is a pseudosimpliial objet satisfying the identity
sisj = sj+1si i 6 j.
A morphism f : X → X ′ between presimpliial objets in a ategory A is a family of A -
morphisms (fn : Xn → X
′
n)n>0 whih ommute with the fae operators. If X and X
′
are
(pseudo)simpliial objets, then the A -morphisms fn must ommute with the fae and (pseudo)de-
generay operators.
Denition 1.2. A preubial objet X in a ategory A is a family of objets (Xn ∈ A )n>0
together with A -morphisms
∂0i , ∂
1
i : Xn → Xn−1 (1 6 i 6 n)
satisfying
∂αi ∂
ε
j = ∂
ε
j−1∂
α
i i < j, α, ε ∈ {0, 1}.
The A -morphisms ∂0i and ∂
1
i are alled fae operators.
Denition 1.3 ([12℄). A ubial objet X in a ategory A is a family of objets (Xn ∈ A )n>0
together with A -morphisms
∂0i , ∂
1
i : Xn → Xn−1
as above and
si : Xn−1 → Xn (1 6 i 6 n)
whih satisfy
∂αi ∂
ε
j = ∂
ε
j−1∂
α
i i < j, α, ε ∈ {0, 1},
sisj = sj+1si i 6 j,
4 IRAKLI PATCHKORIA
and
∂αi sj =

sj−1∂
α
i i < j,
id i = j,
sj∂
α
i−1 i > j,
where α ∈ {0, 1}. The A -morphisms si are alled degeneray operators.
Denition 1.4 ([4℄). A ubial objet X in a ategory A is said to have onnetions if there are
given A -morphisms
Γi : Xn → Xn+1 (1 6 i 6 n)
satisfying
ΓiΓj = Γj+1Γi i 6 j,
Γisj =

sj+1Γi i < j,
s2i i = j,
sjΓi−1 i > j,
∂αi Γj =

Γj−1∂
α
i i < j, α ∈ {0, 1},
id i = j, j + 1, α = 0,
sj∂
α
j i = j, j + 1, α = 1,
Γj∂
α
i−1 i > j + 1, α ∈ {0, 1}.
Example 1.5 ([4℄). The singular ubial omplex KX of a topologial spae X is a ubial objet
with onnetions in the ategory of sets. The onnetions
Γi : KnX → Kn+1X (n > 1)
are dened by
Γi (f : [0, 1]
n → X) (t1, t2, ..., tn+1) = f(t1, ..., ti−1,max(ti, ti+1), ti+2, ..., tn+1).
Amorphism f : X → X ′ between preubial objets in a ategoryA is a family of A -morphisms
(fn : Xn → X
′
n)n>0 whih ommute with the fae operators. If X and X
′
are ubial objets,
then the A -morphisms fn must ommute with the fae and degeneray operators; and if X and
X ′ are ubial objets with onnetions, then the A -morphisms fn must ommute with the faes,
degeneraies and onnetions.
For any ategory A , let us denote by pres(A ) the ategory of presimpliial objets in A , by
prec(A ) the ategory of preubial objets in A , by c(A ) the ategory of ubial objets in A ,
and by cc(A ) the ategory of ubial objets with onnetions in A .
Let A be an abelian ategory, and Ch>0(A ) the ategory of non-negatively graded hain
omplexes in A . We essentially use the normalization funtor
N : prec(A )→ Ch>0(A )
of wi¡tek [16, 17℄ whih is onstruted as follows. If X,Y ∈ prec(A ) and f = (fn : Xn → Yn)n>0
is a preubial morphism, then dene
N0(X) = X0, Nn(X) =
n⋂
i=1
Ker(∂1i : Xn → Xn−1), n > 0,
∂ =
n∑
i=1
(−1)i+1∂0i : Nn(X)→ Nn−1(X), n > 0,
Nn(f : X → Y ) = fn|Nn(X) , n > 0.
Of less importane for us is the funtor
C : prec(A ) −→ Ch>0(A )
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whih is dened for arbitrary abelian ategory A by
C(X)n = Xn, n > 0,
∂ =
n∑
i=1
(−1)i(∂1i − ∂
0
i ) : C(X)n −→ C(X)n−1, n > 0,
C(f : X → X ′)n = fn, n > 0
(see [16, 17℄).
Let A be again an abelian ategory. Reall the denition of the Moore normalization funtor
I : pres(A )→ Ch>0(A ).
Assume S, S′ ∈ pres(A ) and g = (gn : Sn → S
′
n)n>0 is a presimpliial morphism. Then
I0(S) = S0, In(S) =
n−1⋂
i=0
Ker(∂i : Sn → Sn−1), n > 0,
∂ = (−1)n∂n : In(S)→ In−1(S), n > 0,
In(g : S → S
′) = gn|In(S) , n > 0.
One also has the funtor
J : pres(A )→ Ch>0(A )
assigning to S ∈ pres(A ) its unnormalized hain omplex. More preisely,
Jn(S) = Sn, n > 0,
∂ =
n∑
i=0
(−1)i∂i : Jn(S)→ Jn−1(S), n > 0,
Jn(g : S → S
′) = gn, n > 0.
An augmented preubial (resp. presimpliial) objet in a ategory A is a preubial (resp. pre-
simpliial) objet X in A together with an objet A ∈ A and an A -morphism ∂ : X0 → A
satisfying ∂∂01 = ∂∂
1
1 (resp. ∂∂0 = ∂∂1). Suh an objet is denoted by X
∂
−→ A. A morphism
between X
∂
−→ A and X ′
∂′
−→ A′ is a morphism
f = (fn : Xn → X
′
n)n>0
between X and X ′ together with an A -morphism f : A → A′ satisfying f∂ = ∂′f0. De-
note the ategory of augmented preubial (resp. presimpliial) objets in A by aprec(A ) (resp.
apres(A )), by aps(A ) the ategory of augmented pseudosimpliial objets in A , and by as(A )
the ategory of augmented simpliial objets in A .
Assume A is abelian. Then a nonnegative hain omplex in A augmented over A ∈ A is a
nonnegative hain omplex X in A together with an A -morphism ∂ : X0 → A satisfying ∂∂1 = 0.
Denote the ategory of augmented nonnegative hain omplexes in A by aCh>0(A ).
For any abelian ategory A , the funtor N : prec(A ) → Ch>0(A ), respetively the funtors
I, J : pres(A )→ Ch>0(A ) extend in an obvious way to
aN : aprec(A ) → aCh>0(A ),
respetively
aI, aJ : apres(A )→ aCh>0(A ).
Let A be an abelian ategory. Using the shifting funtor
sh : aCh>0(A )→ Ch>0(A )
(assigning to X = (... → Xn
∂n−→ Xn−1 → ...→ X1
∂1−→ X0
∂0−→ A) the nonnegative hain omplex
sh(X) dened by sh(X)0 = A, sh(X)n = Xn−1, sh(∂)n = ∂n−1, n > 1), we get funtors
Î = sh ◦ aI : apres(A ) → Ch>0(A )
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and
Ĵ = sh ◦ aJ : apres(A ) → Ch>0(A )
the restritions of whih to the ategory of augmented pseudosimpliial objets are used in the
next setion.
Next reall [12℄ the denition of the homotopy groups of a Kan ubial set.
A ubial set X is said to be Kan if for any n > 1, any (i, α) ∈ {1, . . . , n} × {0, 1} and any
olletion of 2n− 1 elements xεj ∈ Xn−1, 1 6 j 6 n, ε ∈ {0, 1}, (j, ε) 6= (i, α), satisfying
∂εjx
ω
k = ∂
ω
k−1x
ε
j , 1 6 j < k 6 n, ε, ω ∈ {0, 1}, (j, ε) 6= (i, α), (k, ω) 6= (i, α)
there exists x ∈ Xn suh that
∂εjx = x
ε
j , 1 6 j 6 n, ε ∈ {0, 1}, (j, ε) 6= (i, α).
Let X be a ubial set, z ∈ Xn and x
ε
j ∈ Xn−1, n > 1, 1 6 j 6 n, ε ∈ {0, 1}. We write
∂z =
(
x01 x
0
2 · · · x
0
n
x11 x
1
2 · · · x
1
n
)
i ∂εj z = x
ε
j , 1 6 j 6 n, ε ∈ {0, 1}.
Suppose now that (X,ψ) is a Kan ubial set with a basepoint ψ. Let
X˜0 = X0 and X˜n =
{
x ∈ Xn
∣∣∣ ∂x = (ψ · · · ψ
ψ · · · ψ
)}
, n > 0,
and dene an equivalene relation ∼ on X˜n (n > 0) by
x ∼ y i ∃ z ∈ Xn+1 suh that ∂z =
(
x ψ · · · ψ
y ψ · · · ψ
)
,
or equivalently, by
x ∼ y i ∃ w ∈ Xn+1 suh that ∂w =
(
ψ · · · ψ x
ψ · · · ψ y
)
[12, Theorem 6℄. Denote πn(X,ψ) = X˜n/ ∼, n > 0.
Let [x], [y] ∈ πn(X,ψ) ([x] = cl∼(x)), n > 1. Sine X is Kan, there is z ∈ Xn+1 with
∂z =
(
x ψ ψ · · · ψ
∂11z y ψ · · · ψ
)
.
Clearly, ∂11z ∈ X˜n. Dene [x]• [y] = [∂
1
1z]. This denition depends only on the equivalene lasses
of x and y and, with this multipliation, πn(X,ψ), n > 1, is a group, alled the n-th homotopy
group of (X,ψ).
Finally let us note that in the text we will freely make use of the Freyd-Mithell embedding
theorem (see e. g. [20, p.25℄) when applying various results in the literature about modules to
objets in general abelian ategories.
2. Moore hain omplex
Proposition 2.1. Let G be a ubial group and dene
M0(G) = G0, Mn(G) =
(
n⋂
i=1
Ker ∂1i
)
∩
(
n−1⋂
i=1
Ker ∂0i
)
, n > 0.
Then:
(a) ∂0n+1(Mn+1(G)) ⊂Mn(G), n > 0.
(b) Im
(
Mn+1(G)
∂0
n+1
−−−→Mn(G)
)
⊆ Ker
(
Mn(G)
∂0
n−→Mn−1(G)
)
, n > 0.
() ∂0n+1(Mn+1(G)) is a normal subgroup of Mn(G) and of Gn, n > 0.
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Proof. Let x ∈Mn+1(G). By denition
∂1i ∂
0
n+1x = ∂
0
n ∂
1
i x = 1, 1 6 i 6 n,
∂0i ∂
0
n+1x = ∂
0
n ∂
0
i x = 1, 1 6 i 6 n− 1.
Consequently, ∂0n+1x ∈Mn(G). Hene (a) is proved.
Let x ∈ Mn+1(G). Then ∂
0
nx = 1. Using this we get ∂
0
n ∂
0
n+1x = ∂
0
n ∂
0
nx = 1. Hene (b) is
proved.
Suppose y ∈ Mn+1(G) and z ∈ Gn. Obviously one has sn+1z · y · sn+1z
−1 ∈ Mn+1(G) and
∂0n+1(sn+1z · y · sn+1z
−1) = z · ∂0n+1y · z
−1
. This proves (). 
Thus, for any ubial group G,
M(G) = (...→Mn(G)
∂0
n−→Mn−1(G) → ...→M1(G)
∂01−→M0(G) → 1)
is a hain omplex of (not neessarily abelian) groups. We all M(G) the Moore hain omplex of
G. It is obvious that M(G) and its homology groups Hn(M(G)) = Ker ∂
0
n / Im ∂
0
n+1 funtorially
depend on G.
Obviously, in the onstrution of M(G) one may replae G by a preubial objet X in an
abelian ategory (in [16℄ M(G) is introdued for ubial objets in an abelian ategory). In this
ase we redene the dierential ∂ onM(X) by ∂ = (−1)n+1∂0n. ThenM(X) is a hain subomplex
of N(X) and one has a natural monomorphism i : M(X)→ N(X).
Now let us introdue pseudoubial objets and pseudoubial objets with pseudoonnetions.
Denition 2.2. A pseudoubial objet X in a ategory A is a family of objets (Xn ∈ A )n>0
together with fae A -morphisms
∂0i , ∂
1
i : Xn → Xn−1 (1 6 i 6 n)
and pseudodegeneray A -morphisms
si : Xn−1 → Xn (1 6 i 6 n)
satisfying
∂αi ∂
ε
j = ∂
ε
j−1∂
α
i i < j, α, ε ∈ {0, 1}
and
∂αi sj =

sj−1∂
α
i i < j,
id i = j,
sj∂
α
i−1 i > j,
for α ∈ {0, 1}.
Denition 2.3. We say that a pseudoubial objet X in a ategory A has pseudoonnetions
if there are given A -morphisms
Γi : Xn → Xn+1 (1 6 i 6 n)
whih satisfy
∂αi Γj =

Γj−1∂
α
i i < j, α ∈ {0, 1},
id i = j, j + 1, α = 0,
sj∂
α
j i = j, j + 1, α = 1,
Γj∂
α
i−1 i > j + 1, α ∈ {0, 1}.
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Morphisms of pseudoubial objets and pseudoubial objets with pseudoonnetions are
dened in an obvious way, just as for ubial objets and ubial objets with onnetions.
For a ategory A , let us denote by pcpc(A ) the ategory of pseudoubial objets with pseu-
doonnetions in A .
Let A be an abelian ategory. Dene the funtor
N : pcpc(A )→ aps(A )
as follows:
N(X)−1 = X0, N(X)n =
n+1⋂
i=1
Ker(∂1i : Xn+1 → Xn), n > 0,
ε = ∂01
∣∣
N(X)0
: N(X)0 → N(X)−1,
∂i = ∂
0
i+1
∣∣
N(X)n
: N(X)n → N(X)n−1, n > 1, 0 6 i 6 n,
sj = Γj+1|N(X)n−1 : N(X)n−1 → N(X)n, n > 1, 0 6 j 6 n− 1,
N(f : X → Y )n = fn+1|N(X)n .
On the other hand, we have the funtors Î and Ĵ from aps(A ) to Ch>0(A ). One an easily see
that
Î ◦N = M and Ĵ ◦N = N.
Let G be a simpliial objet in an abelian ategory A . Then the normalized hain omplex I(G)
of G is a hain subomplex of the unnormalized hain omplex J(G) of G. The Moore theorem says
that this inlusion is a hain homotopy equivalene. The proof of this theorem [15, p.94℄ does not
use the simpliial identity: sisj = sj+1si, i 6 j. Therefore one may assert that for any augmented
pseudosimpliial objet S in an abelian ategory A , the natural monomorphism Î(S)→ Ĵ(S) is a
hain homotopy equivalene. Replaing now S by N(X), where X is a pseudoubial objet with
pseudoonnetions in A , and using Î ◦ N = M and Ĵ ◦ N = N , we get a ubial analog of the
Moore theorem:
Theorem 2.4. Let X be a pseudoubial objet with pseudoonnetions in an abelian ategory.
Then the natural monomorphism i : M(X)→ N(X) is a hain homotopy equivalene and, there-
fore, i∗ : Hn(M(X))→ Hn(N(X)) is an isomorphism for all n > 0. 
In fat i : M(X)→ N(X) has a natural homotopy inverse r : N(X)→M(X) with ri = idM(X)
(see the proof of Theorem 22.1 of [15℄).
Note that the natural monomorphismN(X) →֒ C(X) need not be a hain homotopy equivalene
for a ubial objet X with onnetions in an abelian ategory.
As is known the prime examples of pseudosimpliial objets are the projetive resolutions used
by Tierney and Vogel to dene their derived funtors. In the next setion we onstrut ubial
analogs of Tierney-Vogel's projetive resolutions (in order to dene our ubial derived funtors)
and show that they have pseudodegeneraies and pseudoonnetions.
The material in the rest of this setion is not needed in what follows; however we believe it is
interesting for its own sake.
Suppose that X is a ubial objet with onnetions in an abelian ategory A . Then N(X)
is an augmented simpliial objet. Denote by F (X) the hain subomplex of N(X) generated by
the images of the degeneraies of N(X). Sine the degeneray morphisms of N(X) are dened by
sj = Γj+1|N(X)n−1 , n > 1, 0 6 j 6 n− 1, one has
F (X)n = Γ1(N(X)n−1) + · · ·+ Γn−1(N(X)n−1) for all n > 2.
Besides, F (X)0 = 0 and F (X)1 = 0.
Theorem 2.5. Let X be a ubial objet with onnetions in an abelian ategory A . Then:
CUBICAL RESOLUTIONS AND DERIVED FUNCTORS 9
(a) N(X) = M(X)⊕ F (X) and hene M(X) is isomorphi to N(X)/F (X).
(b) The anonial projetion π : N(X)→ N(X)/F (X) is a hain homotopy equivalene.
Proof. As N(X) is an augmented simpliial objet, one has
Ĵ(N(X)) = Î(N(X))⊕D(N(X))
(where D(N(X)) is the hain subomplex of Ĵ(N(X)) generated by the degenerate elements of
N(X)), and the anonial projetion
Ĵ(N(X)) → Ĵ(N(X))/D(N(X))
is a hain homotopy equivalene (see Corollary 22.2 and 22.3 of [15℄). But Ĵ(N(X)) = N(X),
Î(N(X)) = M(X) and D(N (X)) = F (X). Hene (a) and (b) hold. 
Suppose X is a ubial set with onnetions. An n-ube x ǫ Xn is said to be folded if there
exists y ǫ Xn−1 suh that Γiy = x for some i ǫ {1, ..., n− 1} (see [1℄). When we dene the singular
ubial homology H∗(T ) of a topologial spae T , it is neessary to fator out the degenerate
singular ubes. It easily follows from Theorem 2.5 that the folded singular ubes an be ignored
in addition when we alulate H∗(T ).
Let A be an abelian ategory. Restriting M and N to the ategory cc(A ), and Î to the
ategory as(A ), we get the following ommutative diagram
cc(A )
M //
N $$I
II
II
II
II
Ch>0(A )
as(A )
bI
99ssssssssss
in whih, by the Dold-Kan Theorem, Î is an equivalene of ategories. Moreover, the funtor
N : cc(A )→ as(A ) is also an equivalene. The proof is very similar to the proof of the Dold-Kan
Theorem [20, p.270℄. Thus we have got an alternative proof of the result by Brown and Higgins
[5℄ about the equivalene of the ategories cc(A ) and Ch>0(A ). Furthermore, we have pointed
out the funtor M : cc(A )→ Ch>0(A ) whih realizes this equivalene.
In what follows, for pointed Kan ubial monoids G, we will always take the unit 1 of G0 as
basepoint, and denote πn(G, 1) by πn(G).
Proposition 2.6. Let G be a Kan ubial monoid and suppose that n > 1. Then:
(a) For any x, y ∈ G˜n, [x] • [y] = [xy].
(b) πn(G) is abelian.
To prove this proposition, we need the following well known
Lemma 2.7. Let • and ∗ be binary operations on a set E. Assume that they have units and
satisfy
(a • b) ∗ (a′ • b′) = (a ∗ a′) • (b ∗ b′)
for all a, a′, b, b′ ∈ E. Then these operations oinide and (E, •) is an abelian monoid. 
Proof of Proposition 2.6. (f. the proofs of Propositions 17.2 and 17.3 of [15℄). Using the monoid
struture on G, a binary operation may be dened on πn(G) by [x]∗[y] = [xy]. This is well-dened.
Indeed, if x, y ∈ G˜n then xy ∈ G˜n, and if x ∼ x
′
and y ∼ y′, x, x′, y, y′ ∈ G˜n, i. e.,
∂z1 =
(
x 1 . . . 1
x′ 1 . . . 1
)
and ∂z2 =
(
y 1 . . . 1
y′ 1 . . . 1
)
, z1, z2 ∈ Gn+1,
then
∂(z1z2) =
(
xy 1 . . . 1
x′y′ 1 . . . 1
)
,
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i.e., xy ∼ x′y′. Next, assume that [x], [y], [u], [v] ∈ πn(G). By the Kan ondition, there are
w1, w2 ∈ Gn+1 with
∂w1 =
(
x 1 1 . . . 1
∂11w1 y 1 . . . 1
)
and ∂w2 =
(
u 1 1 . . . 1
∂11w2 v 1 . . . 1
)
,
whene
∂(w1w2) =
(
xu 1 1 . . . 1
∂11w1 · ∂
1
1w2 yv 1 . . . 1
)
.
Then, by the denitions of • and ∗, we an write
([x] • [y]) ∗ ([u] • [v]) = [∂11w1] ∗ [∂
1
1w2][∂
1
1w1 · ∂
1
1w2] =
= [xu] • [yv] = ([x] ∗ [u]) • ([y] ∗ [v]) .
Besides, [x] • [1] = [x] = [1] • [x] and [x] ∗ [1] = [x] = [1] ∗ [x]. Consequently, we onlude, by
Lemma 2.7, that • and ∗ oinide and πn(G) is abelian. 
Proposition 2.8. For any Kan ubial group G,
πn(G) = Hn(M(G)), n > 0.
Proof. Let us use the following notations:
Z0M(G) =M0(G), ZnM(G) = Ker
(
Mn(G)
∂0
n−→Mn−1(G)
)
, n > 0,
BnM(G) = Im
(
Mn+1(G)
∂0
n+1
−−−→Mn(G)
)
, n > 0.
It is evident that ZnM(G) = G˜n for all n > 0. Therefore, in view of Proposition 2.6, it sues to
show that x ∼ y if and only if xy−1 ∈ BnM(G), x, y ∈ G˜n = ZnM(G). Suppose that x, y ∈ G˜n
and x ∼ y. Then
∂z =
(
1 . . . 1 x
1 . . . 1 y
)
for some z ∈ Gn+1. Let u = z · sn+1 y
−1
. One an easily hek that
∂u =
(
1 . . . 1 xy−1
1 . . . 1 1
)
.
Hene u ∈ Mn+1(G) and ∂
0
n+1u = xy
−1
. That is xy−1 ∈ BnM(G). Conversely, assume that
x, y ∈ ZnM(G) and xy
−1 ∈ BnM(G). Then ∂
0
n+1w = xy
−1
for some w ∈Mn+1(G). Clearly,
∂w =
(
1 . . . 1 xy−1
1 . . . 1 1
)
.
This gives [x] ∗ [y−1] = [xy−1] = [1], whene [x] = [y], i. e., x ∼ y. 
Any ubial group with onnetions is Kan [19℄. Combining this with Theorem 2.4 and Propo-
sition 2.8, we get
Corollary 2.9. For any ubial abelian group G with onnetions, πn(G) is naturally isomorphi
to Hn(N(G)) for all n > 0. 
3. Cubial derived funtors
Denition 3.1. Let A be a ategory and
f01 , . . . , f
0
n, f
1
1 , . . . , f
1
n : A→ B
a sequene of A -morphisms, n > 1. A ubial kernel of the sequene (f01 , . . . , f
0
n, f
1
1 , . . . , f
1
n) is a
sequene
k01 , . . . , k
0
n, k
0
n+1, k
1
1 , . . . , k
1
n, k
1
n+1 : K → A
of A -morphisms suh that
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(i) fωi k
α
j = f
α
j−1k
ω
i for 1 6 i < j 6 n+ 1, ω, α ∈ {0, 1};
(ii) if h01, . . . , h
0
n, h
0
n+1, h
1
1, . . . , h
1
n, h
1
n+1 : D → A is any other sequene satisfying identities
fωi h
α
j = f
α
j−1h
ω
i for 1 6 i < j 6 n + 1, ω, α ∈ {0, 1}, then there exists a unique A -
morphism h : D → K with kωi h = h
ω
i , 1 6 i 6 n+ 1, ω ∈ {0, 1}.
It immediately follows from the denition that ubial kernels are unique up to isomorphism if
they exist.
Suppose A has nite limits and let A
f01 //
f11
// B be a pair of A -morphisms. Consider the
diagram
B A
f11oo f
0
1 // B
A
f01
OO
f11

A
f01
OO
f11

B A
f11oo f
0
1 // B.
By assumption, we have the limit diagram
B A
f11oo f
0
1 // B
A
f01
OO
f11

K
k12oo
k01
OO
k02 //
k11

A
f01
OO
f11

B A
f11oo f
0
1 // B,
i.e. the sequene k01 , k
0
2 , k
1
1 , k
1
2 : K → A is a ubial kernel of the pair
A
f01 //
f11
// B .
Clearly, in fat, one has
Proposition 3.2. If A admits nite limits, then ubial kernels exist in A for any sequene
(f01 , . . . , f
0
n, f
1
1 , . . . , f
1
n) and any n > 1. 
Let P be a lass of objets of A . Reall [7℄ that an A -morphism f : A → A′ is said to be
P-epimorphi i
HomA (Q, f) : HomA (Q,A) → HomA (Q,A
′)
is surjetive for all Q ∈ P. Also reall that P is alled a projetive lass if for eah A ∈ A there
exists a P-epimorphism e : Q→ A with Q ∈ P.
Let P be a projetive lass in A , X
∂ // A an augmented preubial objet over A ∈ A ,
and suppose that A has nite limits. By Proposition 3.2, we have a fatorization
X : · · · Xn+1
∂01 //
∂1
n+1
//
en+1
8
88
88
88
88
.
.
. Xn
∂01 //
∂1
n
//
en
8
88
88
88
88
.
.
. Xn−1 · · · X1
∂01 //
∂11
//
e1
8
88
88
88
88
X0 ∂ // A
Kn+1
k01
BB
. . .
k1
n+1
BB
Kn
k01
BB
. . .
k1
n
BB
K1
k01
BB
k11
BB
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where K1
k01 //
k11
//X0 is a kernel pair of X0
∂ // A , and
k01 , . . . , k
0
n, k
1
1 , . . . , k
1
n : Kn → Xn−1
a ubial kernel of (∂01 , . . . , ∂
0
n−1, ∂
1
1 , . . . , ∂
1
n−1) for n > 2. We say that
1) X
∂ // A is P-projetive i eah Xn ∈ P;
2) X
∂ // A is P-exat i ∂ and en (n > 1) are P-epimorphi;
3) X
∂ // A is P-projetive resolution of A i it is P-projetive and P-exat.
Obviously, if A is a ategory with nite limits and a projetive lass P, then eah A ∈ A
has a P-projetive resolution. Moreover, the following omparison theorem shows that suh a
resolution is unique up to preubial homotopy equivalene.
Theorem 3.3. Let X
∂ // A be P-projetive and X ′
∂′ // A′ be P-exat. Then any A -
morphism f : A→ A′ an be extended to a preubial morphism
X
∂ //
f

A
f

X ′
∂′ // A′
over f (i. e., f and f form a morphism of augmented preubial objets). Furthermore, any two
suh extensions are preubially homotopi. That is, if f, g : X → X ′ are two extensions of f ,
then there exist A -morphisms hn : Xn → X
′
n+1, n > 0, suh that
∂01hn = fn, ∂
1
1hn = gn, n > 0,
∂εi hn = hn−1∂
ε
i−1, n > 1, 1 < i 6 n+ 1, ε ∈ {0, 1}.
Proof. We onstrut the extension f = (fn : Xn → X
′
n) and show its uniqness up to preubial
homotopy by indution on n. Sine X0 is P-projetive and ∂
′ : X ′0 → A
′
is P-epimorphi,
there is f0 : X0 → X
′
0 with ∂
′f0 = f∂. Next, one has ∂
′f0∂
0
1 = f∂∂
0
1 = f∂∂
1
1 = ∂
′f0∂
1
1 .
Therefore f0∂
0
1 = k
0
1ϕ1 and f0∂
1
1 = k
1
1ϕ1 for a uniquely dened ϕ1 : X1 → K
′
1. As X1 is P-
projetive and e1 : X
′
1 → K
′
1 is P-epimorphi, there exists f1 : X1 → X
′
1 with e1f1 = ϕ1,
and we have ∂01f1 = k
0
1e1f1 = k
0
1ϕ1 = f0∂
0
1 and ∂
1
1f1 = k
1
1e1f1 = k
1
1ϕ1 = f0∂
1
1 . Thus f0 and
f1 are onstruted. Indutively, suppose given A -morphisms fr : Xr → X
′
r for r 6 n so that
∂ωi fr = fr−1∂
ω
i , 1 6 i 6 r, ω ∈ {0, 1}. Then ∂
ω
i fn∂
α
j = fn−1∂
ω
i ∂
α
j = fn−1∂
α
j−1∂
ω
i = ∂
α
j−1fn∂
ω
i ,
1 6 i < j 6 n + 1, ω, α ∈ {0, 1}. Hene there is a unique ϕn+1 : Xn+1 → K
′
n+1 suh that
kωi ϕn+1 = fn∂
ω
i , 1 6 i 6 n+ 1, ω ∈ {0, 1}. Sine Xn+1 is P-projetive and en+1 : X
′
n+1 → K
′
n+1
is P-epimorphi, there exists fn+1 : Xn+1 → X
′
n+1 with en+1fn+1 = ϕn+1. Then we have
∂ωi fn+1 = k
ω
i en+1fn+1 = k
ω
i ϕn+1 = fn∂
ω
i , 1 6 i 6 n+1, ω ∈ {0, 1}. This ompletes the indutive
step and proves the existene of f .
Now suppose g = (gn : Xn → X
′
n) is another extension of f : A → A
′
. We want to onstrut
h = (hn : Xn → X
′
n+1) with ∂
0
1hn = fn, ∂
1
1hn = gn, n > 0, and ∂
ε
i hn = hn−1∂
ε
i−1, 1 < i 6 n+ 1,
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ε ∈ {0, 1}. For n = 0 onsider diagram
X0
h0
||x
x
x
x
x
x
x
x
x
q0











∂ //
g0

f0

A
f

X ′1
e1
  A
AA
AA
AA
A
X ′0
∂′ // A′ .
K ′1
k01
==|||||||| k11
==||||||||
As ∂′f0 = ∂
′g0, there exists q0 : X0 → K
′
1 suh that k
0
1q0 = f0 and k
1
1q0 = g0. Next, sine X0 is
P-projetive and e1 is P-epimorphi, there is h0 : X0 → X
′
1 with e1h0 = q0. This and the two
previous equalities give ∂01h0 = k
0
1e1h0 = k
0
1q0 = f0 and ∂
1
1h0 = k
1
1e1h0 = k
1
1q0 = g0. Thus h0 is
onstruted. Indutively, suppose given h0, h1, . . . , hn−1 with the required properties.
Xn
hn
||x
x
x
x
x
x
x
x
x
x
x
x
x
qn
		













∂01 //
∂1
n
//
gn

fn

.
.
. Xn−1
fn−1

gn−1

hn−1
~~}}
}}
}}
}}
}}
}}
}}
}}
}}
}}
}}
X ′n+1
en+1
!!D
DD
DD
DD
DD
D
X ′n
∂01 //
∂1
n
//
.
.
. X ′n−1 .
K ′n+1
k01
>>|||||||||
. . .
k1
n+1
>>|||||||||
Dene ψεi : Xn → X
′
n, 1 6 i 6 n+ 1, ε ∈ {0, 1}, as follows:
ψ01 = fn, ψ
1
1 = gn, ψ
ε
i = hn−1∂
ε
i−1, 1 < i 6 n+ 1, ε ∈ {0, 1}.
By the indution assumption,
∂01ψ
ε
j = ∂
0
1hn−1∂
ε
j−1 = fn−1∂
ε
j−1∂
ε
j−1fn = ∂
ε
j−1ψ
0
1 ,
1 < j 6 n+ 1, ε ∈ {0, 1}, n > 1,
∂11ψ
ε
j = ∂
1
1hn−1∂
ε
j−1 = gn−1∂
ε
j−1∂
ε
j−1gn = ∂
ε
j−1ψ
1
1 ,
1 < j 6 n+ 1, ε ∈ {0, 1}, n > 1,
∂αi ψ
ε
j = ∂
α
i hn−1∂
ε
j−1 = hn−2∂
α
i−1∂
ε
j−1 = hn−2∂
ε
j−2∂
α
i−1 = ∂
ε
j−1hn−1∂
α
i−1
= ∂εj−1ψ
α
i , 1 < i < j 6 n+ 1, α, ε ∈ {0, 1}, n > 1.
That is ∂αi ψ
ε
j = ∂
ε
j−1ψ
α
i for 1 6 i < j 6 n+ 1, α, ε ∈ {0, 1}. Therefore k
ε
i qn = ψ
ε
i , 1 6 i 6 n+ 1,
ε ∈ {0, 1}, for a uniquely dened qn : Xn → K
′
n+1. Sine Xn is P-projetive and en+1 is
P-epimorphi, there is hn : Xn → X
′
n+1 with en+1hn = qn. Now we have
∂01hn = k
0
1en+1hn = k
0
1qn = ψ
0
1 = fn,
∂11hn = k
1
1en+1hn = k
1
1qn = ψ
1
1 = gn,
∂εi hn = k
ε
i en+1hn = k
ε
i qn = ψ
ε
i = hn−1∂
ε
i−1,
1 < i 6 n+ 1, ε ∈ {0, 1}.
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This nishes the indutive step and ompletes the proof of the theorem. 
The following theorem is ruial for onstruting our ubial derived funtors.
Theorem 3.4. Suppose that
P : · · · Pn+1
∂01 //
∂1
n+1
//
en+1
8
88
88
88
88
.
.
. Pn
∂01 //
∂1
n
//
en
8
88
88
88
88
.
.
. Pn−1 · · · P1
∂01 //
∂11
//
e1
8
88
88
88
88
P0 ∂ // A
Kn+1
k01
BB
. . .
k1
n+1
BB
Kn
k01
BB
. . .
k1
n
BB
K1
k01
BB
k11
BB
is a P-projetive resolution of A ∈ A . Then:
(a) P has pseudodegeneray operators, i.e., there exist si : Pn → Pn+1, n > 0, 1 6 i 6 n+1,
satisfying
∂αi sj =

sj−1∂
α
i i < j,
id i = j,
sj∂
α
i−1 i > j,
where α ∈ {0, 1}.
(b) For any pseudodegeneray operators si : Pn → Pn+1, n > 0, 1 6 i 6 n+ 1, of P , there exist
Γi : Pn → Pn+1, n > 1, 1 6 i 6 n, satisfying
∂αi Γj =

Γj−1∂
α
i i < j, α ∈ {0, 1},
id i = j, j + 1, α = 0,
sj∂
α
j i = j, j + 1, α = 1,
Γj∂
α
i−1 i > j + 1, α ∈ {0, 1}.
As an immediate onsequene we have
Corollary 3.5. Any P-projetive resolution P
∂ // A is an augmented pseudoubial objet
with pseudoonnetions. 
Proof of Theorem 3.4. (a) As K1
k01 //
k11
// P0 is a kernel pair of P0
∂
−→ A, there is ϕ1 : P0 → K1
suh that k01ϕ1 = id and k
1
1ϕ1 = id. On the other hand, sine P0 is P-projetive and e1 is
P-epimorphi, e1s1 = ϕ1 for some s1 : P0 → P1 and we have ∂
0
1s1 = k
0
1e1s1 = k
0
1ϕ1 = id and
∂11s1 = k
1
1e1s1 = k
1
1ϕ1 = id. Thus s1 : P0 → P1 is onstruted. Indutively, suppose given
s1 : P0 → P1, s1, s2 : P1 → P2, . . . , s1, . . . , sn : Pn−1 → Pn with the required properties. Fix j,
1 6 j 6 n+ 1, and dene ψεij : Pn → Pn, 1 6 i 6 n+ 1, ε ∈ {0, 1}, by
ψεij =

id i = j,
sj−1∂
ε
i i < j,
sj∂
ε
i−1 i > j.
Using the indution assumption, one heks that ∂εi ψ
α
mj = ∂
α
m−1ψ
ε
ij for 1 6 i < m 6 n + 1,
ε, α ∈ {0, 1}. Then there exists ϕj : Pn → Kn+1 suh that k
ε
iϕj = ψ
ε
ij , 1 6 i 6 n+ 1, ε ∈ {0, 1}.
Sine Pn is P-projetive and en+1 is P-epimorphi, there is sj : Pn → Pn+1 with en+1sj = ϕj .
Aording to this, for i = 1, . . . , n+ 1 and ε ∈ {0, 1}, one has
∂εi sj = k
ε
1en+1sj = k
ε
iϕj = ψ
ε
ij =

id i = j,
sj−1∂
ε
i i < j,
sj∂
ε
i−1 i > j.
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Thus we have onstruted s1, . . . , sn+1 : Pn → Pn+1 with the desired properties.
(b) Dene λ01, λ
0
2, λ
1
1, λ
1
2 : P1 → P1 by λ
0
1 = id, λ
0
2 = id, λ
1
1 = s1∂
1
1 and λ
1
2 = s1∂
1
1 . One veries
that ∂ε1λ
α
2 = ∂
α
1 λ
ε
1, ε ∈ {0, 1}. Hene there exists µ1 : P1 → K2 suh that k
ε
iµ1 = λ
ε
i , i = 1, 2,
ε ∈ {0, 1}. As P1 is P-projetive and e2 is P-epimorphi, µ1 = e2Γ1 for some Γ1 : P1 → P2, and
we have
∂εi Γ1 = k
ε
i e2Γ1 = k
ε
iµ1 = λ
ε
i =
{
id i = 1, 2, ε = 0,
s1∂
1
1 i = 1, 2, ε = 1.
Next, assume that Γ1 : P1 → P2, Γ1,Γ2 : P2 → P3, . . . ,Γ1, . . . ,Γn−1 : Pn−1 → Pn with the
required properties are onstruted, and for any xed j, 1 6 j 6 n, dene λεij : Pn → Pn,
1 6 i 6 n+ 1, ε ∈ {0, 1}, as follows:
λεij =

Γj−1∂
ε
i i < j, ε ∈ {0, 1},
id i = j, j + 1, ε = 0,
sj∂
ε
j i = j, j + 1, ε = 1,
Γj∂
ε
i−1 i > j + 1, ε ∈ {0, 1}.
By the indution assumption, ∂εi λ
α
mj = ∂
α
m−1λ
ε
ij , 1 6 i < m 6 n+ 1, ε, α ∈ {0, 1}. Consequently,
there is µj : Pn → Kn+1 suh that, k
ε
i µj = λ
ε
ij , 1 6 i 6 n+ 1, ε ∈ {0, 1}.
Sine Pn is P-projetive and en+1 is P-epimorphi, there exists Γj : Pn → Pn+1 with en+1Γj =
µj . Then, for i = 1, . . . , n+ 1 and ε ∈ {0, 1}, one has
∂εi Γj = k
ε
i en+1Γj = k
ε
iµj = λ
ε
ij

Γj−1∂
ε
i i < j, ε ∈ {0, 1},
id i = j, j + 1, ε = 0,
sj∂
ε
j i = j, j + 1, ε = 1,
Γj∂
ε
i−1 i > j + 1, ε ∈ {0, 1}.
Thus we have onstruted Γ1, . . . ,Γn : Pn → Pn+1 satisfying the desired properties. 
Let A be an abelian ategory. It is shown in [16℄ that the funtor N : c(A ) → Ch>0(A ) sends
ubially homotopi morphisms to hain homotopi morphisms. The proof, whih we repeat here
beause of the ompleteness, shows that in fat one has
Proposition 3.6. Let X be a pseudoubial objet and Y a preubial objet in an abelian ategory
A , and f, g : X → Y preubial morphisms. If f and g are preubially homotopi (see Theorem
3.3), then N(f) and N(g) : N(X)→ N(Y ) are hain homotopi.
Proof. Let h = (hn : Xn → Yn+1)n>0 be a preubial homotopy from f to g, and let νn denote
the anonial monomorphism from Nn(X) to Xn, n > 0. One heks that ∂
1
i (hn− gn+1s1)νn = 0,
1 6 j 6 n+ 1, n > 0. Consequently, we have morphisms
tn = (hn − gn+1s1)νn : Nn(X)→ Nn+1(Y ), n > 0.
Clearly,
∂t0 = ∂
0
1(h0 − g1s1)ν0 = (f0 − g0)ν0 = N0(f)−N0(g).
Further, for all n > 1, we have
∂tn + tn−1∂ =
(
n+1∑
i=1
(−1)i+1∂0i
)
(hn − gn+1s1)νn + (hn−1 − gns1)
(
n∑
i=1
(−1)i+1∂0i
)
νn
= fnνn − gnνn +
(
n+1∑
i=2
(−1)i+1∂0i
)
(hn − gn+1s1)νn +
(
n∑
i=1
(−1)i+1∂0i+1
)
(hn − gn+1s1)νn
= fnνn − gnνn +
(
n+1∑
i=2
(−1)i+1∂0i
)
(hn − gn+1s1)νn +
(
n+1∑
i=2
(−1)i∂0i
)
(hn − gn+1s1)νn
= fnνn − gnνn = Nn(f)−Nn(g).
Hene t = (tn : Nn(X)→ Nn+1(Y ))n>0 is a hain homotopy from N(f) to N(g). 
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This proposition together with Theorem 2.4 implies
Proposition 3.7. Let X and Y be pseudoubial objets with pseudoonnetions in an abelian
ategory A , and f, g : X → Y preubial morphisms. If f and g are preubially homotopi, then
M(f) and M(g) : M(X)→M(Y ) are hain homotopi. 
We are now ready to introdue ubial derived funtors.
Let A be a ategory with nite limits and a projetive lass P, B an abelian ategory, and
T : A → B an arbitrary (ovariant) funtor. We onstrut the left ubial derived funtors
LnT : A → B, n > 0, of T as follows. If A ∈ A , hoose (one and for all) a P-projetive
resolution P → A and dene
LnT (A) = Hn (N(T (P ))) , n > 0.
Theorem 3.3 and Propositions 3.4(a) and 3.6 show that the objets LnT (A) are independent (up to
natural isomorphism) of the resolution hosen (if P ′ → A is a seond P-projetive resolution and
f : P → P ′ a preubial morphism extending id : A → A, then Hn(N(T (f))) : Hn(N(T (P ))) →
Hn(N(T (P
′))) are isomorphisms). Moreover, by the same statements, it is immediately lear
that LnT are dened on morphisms and are funtors from A to B. Besides, funtoriality in the
variable T is obvious.
Similarly, in view of Theorem 3.3, Corollary 3.5 and Proposition 3.7, one an dene funtors
L˜ nT : A → B by
L˜ nT (A) = Hn (M(T (P ))) , n > 0.
It follows from Theorem 2.4 that in fat there are isomorphisms
LnT (A)
∼= L˜ nT (A), n > 0,
whih are natural in A and in T .
Remark 3.8. As one sees the onstrution of LnT essentially uses 3.4(a), and similarly L˜

nT
essentially uses 3.5. This ontrasts with the fat that the onstrution of the derived funtors
by Tierney and Vogel does not use existene of pseudodegeneraies in P-projetive presimpliial
resolutions. On the other hand, as shown in [16℄, the funtor C (see Setion 1) sends preubially
homotopi morphisms of preubial objets to hain homotopi morphisms (f. Propositions 3.6
and 3.7). This together with Theorem 3.3 allows us to onlude that one does not need Proposition
3.4(a) to prove that the funtors
L¯nT (A) = Hn(C(T (P ))), n > 0,
where P is a P-projetive preubial resolution augmented over A ∈ A , are orretly dened.
But in this way one obtains bad derived funtors by the following reason. One an easily see
that L¯nT (Q)
∼= T (Q) for any Q ∈ P and any n > 0. Thus in general the higher (n > 0) derived
funtors L¯nT do not vanish on P-projetives, i. e., the ruial property of derived funtors is not
satised. In partiular, there is no hane for L¯nT to oinide with the lassial derived funtors
for additive funtors T between abelian ategories. At the same time, the derived funtors LnT
and L˜nT ertainly vanish on P-projetives for n > 0, and in partiular oinide with the lassial
derived funtors for additive T , as we will show below in Theorem 4.4.
4. The ase of an additive funtor between abelian ategories
Suppose that A is an abelian ategory and T : A → B an additive funtor. Our aim is to
ompare LnT (n > 0) with the derived funtors of T in the sense of Eilenberg-Moore [7℄.
Proposition 4.1. Let A be an abelian ategory with a projetive lass P and suppose that
X
∂ // A is a preubial objet in A augmented over A ∈ A . If X
∂ // A is P-exat, then
its augmented Moore hain omplex
M(X) : · · · →Mn(X)
(−1)n+1∂0
n−−−−−−−→Mn−1(X)→ · · · →M1(X)
∂01−→M0(X)
∂
−→ A→ 0
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is P-exat in the sense of Eilenberg-Moore [7]. That is, the sequene of abelian groups
· · · → HomA (Q,Mn(X))
dn−→ HomA (Q,Mn−1(X))→ . . .
· · · → HomA (Q,M0(X))
d0−→ HomA (Q,A)→ 0,
where d0 = HomA (Q, ∂) and dn = HomA (Q, (−1)
n+1∂0n) (n > 1), is exat for any Q ∈ P.
Proof. Evidently, dndn+1 = 0, n > 0. Besides, sine ∂ : X0 → A is P-epimorphi, d0 is surjetive.
Let g : Q→ X0 = M0(X) be an A -morphism with d0(g) = 0 and onsider the diagram
Q
g′
||z
z
z
z
z
z
z
z
z
z
z
ϕ
))
fgghijklnp
w

!
/
<
F
L
N
O
P
Q
g

0

X1
∂01 //
∂11
//
e1
  B
BB
BB
BB
B
X0
∂ // A,
K1
k01
>>|||||||| k11
>>||||||||
where K1
k01 //
k11
// X0 is a kernel pair of ∂ : X0 → A, and e1 is P-epimorphi. As ∂g = 0, there
exists a unique ϕ : Q→ K1 suh that k
0
1ϕ = g and k
1
1ϕ = 0. But ϕ = e1g
′
for some g′ : Q→ X1,
and we have ∂01g
′ = k01e1g
′ = k01ϕ = g and ∂
1
1g
′ = k11e1g
′ = k11ϕ = 0. It then follows from the
onstrution of M(X) that g′ = j1g
′′
, where j1 denotes the inlusion M1(X) →֒ X1 and g
′′
is a
uniquely dened A -morphism from Q to M1(X). Clearly, g = ∂
0
1g
′ = ∂01j1g
′′ = ∂01g
′′ = d1(g
′′).
Thus the sequene is exat at HomA (Q,M0(X)).
Now assume that n > 0 and f : Q → Mn(X) is an A -morphism with dn(f) = 0. Denote the
inlusion Mn(X) →֒ Xn by jn and onsider the diagram
Q
f ′
||y
y
y
y
y
y
y
y
y
y
y
y
y
ϕ
**
ddddeeeeffghijlnr
~

&
8
F
J
M
O
Q
R
S
T T U U U
ϕ01

ϕ1
n+1

...
Xn+1
∂01 //
∂1
n+1
//
en+1
""D
DD
DD
DD
DD
.
.
. Xn
∂01 //
∂1
n
//
.
.
. Xn−1
Kn+1
k01
==||||||||| k1
n+1
==|||||||||
. . .
where (k01 , . . . , k
0
n+1, k
1
1 , . . . , k
1
n+1) is a ubial kernel of (∂
0
1 , . . . , ∂
0
n, ∂
1
1 , . . . , ∂
1
n), en+1 is P-epimor-
phi, and
ϕεi =
{
jnf i = n+ 1, ε = 0,
0 (i, ε) 6= (n+ 1, 0).
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One heks that
∂εi ϕ
α
j = ∂
α
j−1ϕ
ε
i , 1 6 i < j 6 n+ 1, ε, α ∈ {0, 1}.
Consequently, there exists a unique ϕ : Q→ Kn+1 suh that k
ε
iϕ = ϕ
ε
i , 1 6 i 6 n+ 1, ε ∈ {0, 1}.
Sine en+1 is P-epimorphi and Q ∈ P, one has ϕ = en+1f
′
for some f ′ : Q→ Xn+1. But then
∂εi f
′ =
{
jnf (i, ε) = (n+ 1, 0),
0 (i, ε) 6= (n+ 1, 0).
From this we onlude, by the onstrution of M(X), that f ′ = jn+1f
′′
for a uniquely dened
A -morphism f ′′ : Q → Mn+1(X). Clearly, jnf = ∂
0
n+1f
′ = ∂0n+1jn+1f
′′ = jn∂
0
n+1f
′′
, whene
f = ∂0n+1f
′′ = (−1)n+2∂0n+1(−1)
n+2f ′′ = dn+1((−1)
n+2f ′′). 
Combining Proposition 4.1 with Theorem 2.4 we get
Proposition 4.2. Let A be an abelian ategory with a projetive lass P and suppose that
X
∂ // A is a pseudoubial objet with pseudoonnetions in A augmented over A ∈ A . If
X → A is P-exat, then the augmented hain omplex N(X)
∂ // A is P-exat in the sense
of Eilenberg-Moore. 
For any pseudoubial objetX in an abelian ategoryA , one hasA -morphisms σXn : Xn → Xn
dened by
σX0 = id, σ
X
1 = (id− s1∂
1
1), . . . , σ
X
n = (id− s1∂
1
1) · · · (id− sn∂
1
n), . . . .
It is immediate that ∂1j σ
X
n = 0, n > 0, 1 6 j 6 n. Therefore, by the onstrution of N(X), eah
σXn fators as
Xn
σX
n //
τX
n ##G
GG
GG
GG
G
Xn
Nn(X)
-
 νX
n
;;wwwwwwww
where νXn is the inlusion. One an easily see that τ
X
n ν
X
n = id, i.e., τ
X
n is a retration for eah n
(see [16, 17℄). This together with Corollary 3.5 and Proposition 4.2 gives
Proposition 4.3. Let A be an abelian ategory with a projetive lass P whih is losed with
respet to retrats. If P
∂ // A is a P-projetive preubial resolution of A ∈ A , then the aug-
mented hain omplex N(P )
∂ // A is a P-projetive resolution of A in the sense of Eilenberg-
Moore [7]. 
Now let A be an abelian ategory with a projetive lass P, B an abelian ategory, and
T : A → B an additive (ovariant) funtor. Then one onstruts, with respet to P, the lassial
left derived funtors LnT : A → B, n > 0. On the other hand, sine any abelian ategory admits
nite limits, we an build P-projetive preubial resolutions, and therefore an onstrut the
ubial left derived funtors LnT : A → B, n > 0.
Theorem 4.4. Suppose P is losed [7] or, more generally, is losed with respet to retrats. Then
there are natural isomorphisms
LnT (A)
∼= LnT (A), A ∈ A , n > 0.
Proof. Let P
∂ //A be a P-projetive preubial resolution of A ∈ A . By Proposition 3.4(a),
P has pseudodegeneray operators. Then, as noted above, we have A -morphisms σPn : Pn → Pn,
τPn : Pn → Nn(P ) with σ
P
n = ν
P
n τ
P
n and τ
P
n ν
P
n = 1. The latter gives T (τ
P
n )T (ν
P
n ) = T (τ
P
n ν
P
n ) =
T (id) = id. Hene T (τPn ) : T (Pn) → T (Nn(P )) is an epimorphism and T (ν
P
n ) : T (Nn(P )) →
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T (Pn) is a monomorphism. Sine T is additive, T (σ
P
n ) = σ
T (P )
n . Consider the ommutative
diagram
Nn(T (P )) s
νT (P )
n
&&MM
MMM
MMM
MMM
T (Pn)
τT(P )
n
88rrrrrrrrrr
T (τP
n
) &&LL
LLL
LLL
LL
T (σP
n
)σT (P )
n // T (Pn)
T (Nn(P )) .
T (νP
n
)
88qqqqqqqqqqq
As τ
T (P )
n and T (τPn ) are epimorphisms, Im(T (ν
P
n )) = Im(ν
T (P )
n ). But ν
T (P )
n is an inlusion and
T (νPn ) is a monomorphism. Hene Im(ν
T (P )
n ) = Nn(T (P )) and
T (νPn ) : T (Nn(P )) → Nn(T (P ))
is an isomorphism for eah n. One an easily see that these isomorphisms ommute with the
dierentials and indue natural isomorphisms on the homologies. In view of Proposition 4.3,
N(P )
∂ // A is a P-projetive resolution of A in the sense of Eilenberg-Moore. Consequently,
LnT (A) = Hn(T (N(P ))). On the other hand, by the denition of L

nT , L

nT (A) = Hn(N(T (P ))).
Thus we have isomorphisms
LnT (A) ∼= L

nT (A), n > 0,
whih are natural in A and in T . 
There remains an open question here. We do not know whether the ubial derived funtors
introdued by us oinide with the Tierney-Vogel derived funtors in full generality, or at least, with
the Dold-Puppe derived funtors in the partiular ase of an arbitrary (not neessarily additive)
funtor on an abelian ategory.
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